Fundamentals of Mathematical
Statistics

Daniele Cambria

January 29, 2026

1 Notation

We consider a probability space (92, F, P), where 2 is the
sample space, F a og-algebra of events, and P a probability
measure.

Random variables X1, ..

XZ‘:Q—>X,

., X,, are measurable functions

where X is the observation space (e.g., R or R?) equipped
with an appropriate o-algebra.

A realization or measurement of X; is denoted by z; € X.
The observed data vector is

X =(21,...,2n) € X",

corresponding to the random vector X = (X1,...,X,).

The joint distribution of X is denoted by P, which belongs
to a collection (statistical model) P of possible distribu-
tions of X.

In parametric models, P is typically indexed by parameters
¥ € O, so that
P = {Pﬁ VS @}

If the model is correctly specified, there exists a true param-
eter value 6 € O such that the data are actually generated
according to Py.

Often, the random variables are assumed independent and
identically distributed (iid) with distribution Py on X.
Then X has distribution

P9®...®P9:P5®n0n/¥n,

where P(?" is the n-fold product distribution.

A parameter of interest is typically a function v = ¢(0),
defined on ©.

2 Estimation

Definition: Estimator

An estimator (or statistic, or decision) is a known mea-
surable function
T:X" >R

evaluated at the random vector X, i.e. the estimator
random variable is T'(X). The function T itself must
not depend on unknown parameters, since we want to
compute it using only the data we have observed.

Given data X1, ..., X,, the empirical distribution is

(where Jx, is the Dirac measure at X;). A plug-in estimator
for a parameter v = Q(Py) is obtained by evaluating the
functional Q at P,:

An = Q(Py)
Method of Moments Estimators

Let X €e R and P = {Fp : § € © C RP}. Suppose the
first p moments exist:

WO = [@ldFo@) G=L..p,
Assume the moment map m(0) = (u1(0), ..., up(0)) is

injective with inverse m~! on M = m(©) C RP.
Estimate each moment by its empirical counterpart:

. 1O RPN )
Mj:ﬁzxg:/mden(x)y j=1...,p.
i=1

If (fs,. ..
timator

,lp) € M, define the method of moments es-

0= mil(ﬁlv"wﬁp)'

In plain words, match the sample moments to the the-
oretical moments to solve for 6.

Likelihood function and MLE

For data X = (X, ..., X,,), the likelihood function is

Lx(0) = [[pe(Xi), 0€o.
i=1
A maximum likelihood estimator (MLE) is any
) Lx(0).
0 € arg max x(0)
Equivalently, 6 maximizes the log-likelihood:

0 1 X,).
€ arg gleagZ; og po(X;)

3 Intermezzo

3.1 Conditional Distributions
The conditional probability of A given B is defined as

P(AIB) = P(ﬁ(;f) _

P(BlA)P(A)
P(B)

Continuous Case

Given two continuous random vectors X € R™ and
Y € R™ defined on the same probability space and
joint demnsity fx y(x,y), the marginal density of X is
given by

fx(z) = / Ixy(z,y)dy.
The conditional density of X given Y =y is

fX Y('Ta y)
fx(zly) = —=——,
fr(y)
If fy(y) > 0, and 0 otherwise.
For measurable g : R" x R™ — R, the conditional ex-
pectation given Y =y is

Elg(X,Y) | Y =y] = /R g(z,y) fx (z|y) de.



Discrete Case

Suppose X and Y are discrete random vectors taking

values in X = {a;}ien. The joint distribution is de-

scribed by the probabilities
P(X:ai,Y:ajL 1,7 € N.

The marginal distribution of Y is
py (a;) = ZP =a;,Y =a;).

The conditional distribution of X given Y = q; is

P(X = a,»,Y = aj)

px(ail ) = PX =ai | Y =ay) = =55
if P(Y =a;) > 0, and 0 otherwise.

For any function g : X x X — R, the conditional expec-
tation given Y = a; is

= Zg(ai,aj)px(ai | aj)7

g=1l

Elg(X,Y) Y = a]
provided the series converges.

Tower Property
If the expectation of g(X,Y) exists, then

E[E[g(X, Y)[Y]] = E[g(X,Y)].

3.2 The mean and covariance matrix of a
random vector

Mean and covariance of a random vector

Let Z = (Z4,...,2y) with E|Z;| < co. Mean: EZ =
(EZy,...,EZy)" (componentwise).
For a random matrix M = (M;;) with E|M,

ij| < oo,
expectation: EM = (EM,;) (componentwise).
Covariance matrix:

S = Cov(Z) = B[22 — (EZ)(EZ) = (Cov(Zi, Z;))s;

3 is symmetric and positive semi-definite: for any a €
R*, a/Ya = Var(a'Z) > 0.
For deterministic A € R“** b ¢ R%:

Cov(AZ +b) = ACov(2)A’

3.3 Exercises
Definition: Characteristic function

The characteristic function of a random variable X is

px(t) = E[e™]

Distribution Characteristic function
N (s, %) px(t) = exp (int — 25
Exp(A) ox(t) = 225

Bern(p) ex () =1—p+pett
Poisson(\) ox(t) = exp (A(e¥ — 1))

ox(t) = (1 —p+pet)"

ox(t) = (1 - %)70‘

Binomial(n, p)

Gamma/(a, )

Deunsity of Z =X +Y (E1): convolution formula

Discrete case: If X and Y are independent discrete
random variables with PMFs px (k) and py (1), then the
PMF of Z=X+Y is

ZPX

Continuous case: If X and Y are independent con-
tinuous random variables with PDFs fx (z) and fy (y),
then the PDF of Z = X +Y is

=[xt

Deunsity of Z = X +Y (E1): characteristic func-
tions

‘py(z — k).

) fy(z —z)dx.

For independent X, Y and Z =X +Y
ez(t) = ox(t) - oy (t)

Transformation of one-dimensional random vari-
ables

Let Y = ¢g(X) be a differentiable, strictly monotone
transformation of a continuous random variable X.
Then the density of Y is

d

fﬂ@k@l@ﬂ

dygl(y)‘ :

Multivariate transformation of random variables
(E3)

Let (U,V) = g¢(X,Y) with inverse g~ '(u,v) =
(z(u,v),y(u,v)). The joint density of (U, V) is
fov(u,v) = fxy(z(u,v),y(u,v)) ‘det Jg_1(u,v)|

where

oz Oz
Jg-1(u,v) = {gg gz}
ou ov



CDF of ¢(X,Y) (E3)

Let X and Y have joint pdf fx y(z,y). For a random
variable Z = g(X,Y), the cumulative distribution func-
tion (CDF) at ¢ is

Fr(t)=P(Z<t)=
{(z,y):9(z,y)<t}

Ix,y(z,y)dedy.

In other words, the CDF of Z is found by integrating
the joint pdf over the region where the function g(X,Y)
is at most .

4 Sufficiency and exponential fami-
lies
4.1 Sufficiency

Definition: Sufficient statistic

Let S : X — Y be some map. We consider the statis-
tic S = S(X) sufficient if, for all # € ©, all possible
s = S(X) € Y and every measurable set A C X" the
conditional distribution

Py (X € AIS(X) =s).
does not depend on 6.

Intuitively, we can reduce the data X to S without losing
any information about the model parameter 6.

4.2 Factorisation Theorem of Neyman

Factorisation Theorem of Neyman

Suppose that each element of P = {Py : § € O} is
dominated by a o-finite measure v. Let pg = % denote
the densities. Then, S is sufficient if and only if one can

write
po(x) = go(S(z)) h(z) for all 2 and 6,

for some functions gg(-) on Y and A(-) on X. The func-
tions g9 and h can be chosen to be non-negative.

Moreover, if there is a sufficient statistic S for 6, and
the MLE exists, it only depends on the sufficient statistic
S = S(X) and is given by

0 ¢ argméleX(G) = argm;%xgg(s)~

Fiber reweighting (tool for proofs)

Let X = (Xy,...,X,) be a discrete random vector and
S = S(X) a function of X (e.g. the sum, number of
successes, or maximum). For any s in the range of S,
the conditional probability on the “fiber” over s is

PX =z .
—_— f =
P(X=z|S=s)={ P(S=5) I5@=s
0, otherwise

That is, conditioning on S = s restricts to outcomes x
with S(z) = s.

4.3 Exponential families
k-dimensional exponential family

A k-dimensional exponential family (where k is the di-
mensionality of ©) is a class of probability distributions
whose densities can be expressed in the form

k
po() = exp ch(G)Tj(x)—d(H) h(z).

Where

e S(x) = (Ti(X),...,Te(X)) is a k-dimensional suffi-
cient statistic,

o ¢;(0) is a natural parameter,

e d(0) is the log-partition function ensuring that the den-
sity integrates (or sums) to 1,

e and h(z) is the base measure, independent of 6.

Distribution of X = (X1,...,X,,)

If X1,...,X, is an iid sample of a k-dimensional exo-
nential family, then the density of X is

k

Z ¢;(0)T; — nd(6) H h(z;),

il

Hpe(ﬂ?v:) = exp
=1
Where Tj(z) = Y"1, Tj(z;)

4.4 Canonical form of an exponential family

A k-dimensional exponential family is in canonical form if
¢;(0) = 6;. Assuming necessary derivatives exist, denote

(6) = -d(o). (o) = (afa%d(e)) .

and write T'(z) = (T1(z), ..., Tk(x)), z € X.
Under regularity assumptions it holds that
Ey[T(X)] = d(6), Cove(T(X)) = d(0),

and in the one-dimensional case,

Varg(T(X)) = d(6).

5 Bias, variance, and the Cramér-
Rao lower bound

5.1 Unbiased estimators

Unbiased Estimator

The bias of an estimator T = T(X) is biasy(T) :=
Ey [T] — g(¢). An estimator T of g(1) is unbiased if

Eo[T] = g(9) VI € ©.

The mean squared error of T is

MSEy(T) = Ey [(T — g(9))?] = (biasg (T))* + Vary (T).



5.2 UMVU estimators
Definition: UMVU estimator

An unbiased estimator T is Uniformly Minimum Vari-
ance Unbiased (UMVU) if

Vary(T*) < Vary(T) V9 €O

for any other unbiased estimator 7T'.

If a UMVU estimator exists, then it is unique.
Complete statistics

A statistics S is called complete if, for any measurable
function A (such that h(S) is integrable with respect to
all Pg )

Eo[h(S)] =0 VO€© => h(S)=0, Ppas. VcO.

Theorem: Lehmann-Scheffé

Let T be an unbiased estimator of g(¢) with finite vari-
ance, and let S be a sufficient and complete statistic.
Then

T :=E[T | 5]

is UMVU.

A consequence of the Lehmann-Scheffé theorem is the
following: Let S be a complete and sufficient statistic for 4.
Then any estimator of the form

T =c¢- S,

where ¢ is a non-random constant chosen such that 7% is
unbiased for g(¢#), is UMVU.

Completeness in exponential families

Suppose we have a k-dimensional exponential family.
Define

C:={(c1(9),...,cr(0)) : 6 € ©} C R*.

If C contains an open ball in R¥, then S := (T, ..., T})
is complete.

Basu’s Lemma

Suppose that S is sufficient and complete, and that Y =
Y (X) € Z has a distribution that does not depend on
¥, where Z is the (measurable) outcome space of Y.
Then, for all ¥ € ©, S and Y are independent under
Py

5.3 The Cramér-Rao lower bound

We define the score function as

d
sp(x) = 7 logpe(x) =

And the Fisher information as

1(0) = Eg [s9(X)?] = Var(sp(X)),

as Eg [sp(X)] = 0. Visualization.

Cramér-Rao lower bound

The Cramér-Rao lower bound provides a lower bound
on the variance of any unbiased estimator 7" of a param-
eter g(6). Define ¢(¢) = Ey [T, then g is differentiable
with derivative

_d
~ ap?

Moreover, if I(6) > 0,

4(6) (6) = Cov(T, sp(X)).

VaI'@ (T) Z

Note, if T is unbiased, then g(9) = ¢q(9).

Fisher information for independent samples

Suppose X, ..., X, are i.i.d. with density py, differen-
tiable in 6, and let sg denote the score function. The
joint density of X = (X3,...,X,,) is

po(x) = Hpg(xi), X = (T1,...,2n).

The joint score function satisfies

n

d d n
s0(x) = 35 logpe(x) = 23 log pg(x;) = ;«Se(wi),
and the Fisher information of X is additive:

I,(0) = Varg (sp(X)) = > Varg(ss(X;)) = nI(0),
p=il

where I(0) is the Fisher information of a single obser-
vation.

5.4 The CRLB and exponential families

If T attains the CRLB (in any model):
For ANY 1-dimensional exponential family, the following
holds:

Score function:

Fisher information:

I(9) = Vary(sg(X)) = ¢(9)*Varyg(T(X)).
9(9)?
1(9)°

Then: The model P must be a 1-dimensional exponential
family, and the following further identities hold:

Vary(T'(X)) =



https://www.desmos.com/calculator/0bviedr65q
https://www.desmos.com/calculator/mj7nizwyzj

6 Tests and confidence intervals

6.1 Constructing tests
Definition 6.1: Randomized test

A (randomized) test is a statistic ¢ : X — [0,1]. If
¢ = ¢(X) € {0, 1}, the test is non-randomized.

Let ©9 C © and « € (0,1). The test ¢ is a test at level
« for the (null) hypothesis

Hy:0 €0
if

sup Epo(X) < a.
0€0y

If ¢ is non-randomized, then Eppp(X) = Pyp(p(X) = 1),
and we reject Hy when ¢(X) = 1.

For a randomized test with ¢(X) = ¢ € [0,1], we reject
Hy by flipping a coin with success probability q.

Definition 6.3: p-value

A statistic p = p(X) € [0,1] is a p-value for Hy if, for
all § € Oy,
Py(p <u) <w, forallue(0,1).

Intuition: Under any parameter in Hy, small p-values
are rare; seeing a small p suggests evidence against H.
Given a p-value p for Hy, we can construct a test at
level @ € (0, 1) by defining

¢(X) =1{p < a}.
Indeed, for any 6 € O,

Py(p=1)=P(p<a)<a

Let ©1 C © with ©gN O = &, and consider the alterna-
tive hypothesis H; : 0 € ©1, that is,

H1:{P919€@1}.

If we believe that the true parameter 6 can only be in ©; if
it is not in O, we call H; our alternative hypothesis.

Definition 6.4: Power of a test

Let ¢ be a test. The power of ¢ against the alternative
0 €O is Egd)(X)

Definition 6.5: Pivot

is a level-a test for Hy : v = p.

Conversely, given a family of level-ar tests {¢(X, 7o) }yoer

for Hy : v = 79, define

I(X):={yeTl:¢(X,v) =0}

which is a (1 — «) confidence set for +.

A pivot is a function Z : X x I' — R such that for all
¥ € O, the distribution of Z(X, g(¢¥)) = Z(X,~) under
Py does not depend on :

Py(Z(X,9(9)) < z) = G(2)
for some cdf G independent of ¥.

To test Hy : v = 7o using a pivot Z(X, o), reject Hy if

Z(X, 7o) is outside the interval g1, gr], where g1, and gg are
the appropriate /2 and 1 — /2 quantiles of G:

(ZS(X,’-YO) = ]]'{Z(Xf-YO) ¢ [CIL;(]R]}

This gives a level « test.

Two-sided p-value based on the pivot:
p=2min{G(Z(X,%)), 1 - G(Z(X,v))}
For a one-sided alternative, reject for large values of Z:

B(X,70) = 1{Z(X, %) > (1 —a)}

One-sided p-value:

p=1-G(Z(X,7%)")

6.2 Duality of confidence sets and tests

Definition 6.9: Confidence set

A random set I = I(X) C I', depending only on the
data X, is a confidence set for v at level 1 — « if, for all
¥ € 0 and v = g(v),

Py(yeI(X))>1—a.

If T = [v(X),7(X)], it is a confidence interval.

Duality: A confidence set I(X) induces a family of tests—one

for each v € I':

¢(X,70) = {0 ¢ I(X)}

Good confidence sets have short intervals for fixed cover-

age. Good tests have high power for alternatives.

6.3 The two-sample problem

Consider independent samples X = (X3,...,X,;) and Y =

(Yl,. .. ,}/m) from Fx, Fy. Test
HO : FX = Fy

against a one- or two-sided alternative.

6.3.1 Student’s t-test
2

Assume Fx and Fy are normal with equal variance o°:

ea(2). moe(222)

v is the difference in means (effect). Parameter of interest:

g9(0) = .
For Hy : v = 0, the test statistic is given by

e ) D L (o

n—+m—
+ i=1 j=1

T am Y -X
n+m S

Under Hy, T' ~ ty+m—2.
For a one-sided test, Hy : v < 0

¢(X7Y) = ]l{T < tn+m72;a}

Critical value t,,4m—2.o: a-quantile of ¢-distribution with n+
m — 2 df, and p-value:

p= tn-{—nL—Q (T)

where t,4m—2(-) is t CDF with n +m — 2 df.



6.3.2 Wilcoxon’s rank-sum test

Test Hy : Fx = Fy for Fx, Fy continuous (no ties).
Combine both samples: N =n + m,

X
Z; =
}/i—’rla

Let R; = rank(Z;) among all N values. Wilcoxon rank-sum
statistic:

1=1,...,n
i=n+1,...,N

Alternatively,

nn+1)
2

Under Hy, the distribution of T is Py, (T =t) =

T=#{(5):Y; < X} +

1 n
ﬁ# {r :r is a permutation of {1,..., N}, Zri = t}

i=1

Distribution does not depend on F'x or Fy.

6.3.3 Comparison: t-test vs. Wilcoxon’s test

T-test assumes normality, Wilcoxon test only continuity (for
ranks).

Wilcoxon’s test is nearly as efficient as t-test under nor-
mality: relative asymptotic efficiency ~ 0.955 for Normal dis-
tribution, but, if the normality assumption fails, Wilcoxon’s
test can be much more efficient.

6.4 The lemma of Neyman and Pearson
UMP Tests

A test ¢ is called UMP (uniformly most powerful) at
level « if
— ¢ has level « for Hy, ~
— For_any other level a test ¢ and all § € ©,
Epp(X) < Egpp(X).

For simple hypotheses: Hy : 8 = 0y, Hy : 0 = 01, let p;
be the density of Py,, ¢« = 0,1, with respect to dominating
measure v. The Neyman-Pearson (NP) test is

if p1(z)

1, pogxg >c
onp(x) =4 q, if Zé%x; =c¢ ¢q€][0,1], ¢>0
0, if 28% <¢

po(z)

Neyman-Pearson Lemma:

For any test ¢ and the NP test ¢onp,

E91¢ - E91¢NP < C[E90¢ - E90¢NP]

with equality <=
v(p1 > epo, ¢ <1)=0=v(p1 <cpo, ¢ >0).

Implications:

e For every level-a test, there exist constants c,, ¢, such
that the NP test ¢3p with these constants attains
Eg, 0N p = @ and maximizes power Ey, ¢.

o If Py, # Py, then Ey, ¢ p > .

e The UMP NP test is unique up to v-null sets, except
possibly on {p1 = capo}-

6.5 UMP tests for exponential families

Consider the one-sided testing problem for a one-dimensional

exponential family:
H()IGSGO VS. H129>90
with ¢(f) strictly increasing.

UMP Test Structure
For level a € (0,1), the UMP test is

1, T(X)>ta
" (T(X)) = da, T(X)=tq
0, T(X)<ta

where ¢, is the (1—a)-quantile of T'(X) under Py,, and
a— Py, (T(X)>tq

o = % Poo (T(X) =ta) >0

1, Py, (T(X)=ta) =0

This test has exact level a.

No UMP test exists for Hy : § = 60y vs. Hy : 0 # 0y in
general.

6.6 Unbiased tests
Unbiased and UMPU tests

o A test ¢ is unbiased if for all § € Oy and all §' €
@12
Eyp(X) < Eg ¢(X)

o ¢ is uniformly most powerful unbiased (UMPU)
at level « if:

x Level a for Hy,
x Unbiased, B
x For all unbiased level a tests ¢ and all 0 € Oy:

Egd(X) < Byop(X)

UMPU test in exponential families (two-sided
case)

For a one-dimensional exponential family with strictly
increasing c(6), to test
H0:9:90 VS. H1:97é90

the UMPU test has the form

1, T(x)<tporT(x)>tr
_ Jaw, T(l‘) =1ty
) = qr, T(x) =tr

0, tr<T(z)<tgr

with t7,,tg € R and ¢, qr € [0,1] chosen such that

2L Bps(T(x)| =0

E90¢(T<X)) =« da 0:90

and

7 Equivariant estimators

Given an estimator T'(X) for parameter v = g(0), a loss
function L : © xI' = R quantifies the quality of an estimate
a € I when the true parameter is . The risk of an estimator
T(X) is the expected loss:

In this chapter, we focus on the location model:

Xi=0+4+¢, i=1,....n



where 6 is unknown and (61, ey En) are iid with known dis- 8 DeCiSiOH TheOI‘y Rao-Blackwell theorem (risk reduction by con-

tribution. o o ditioning)
— . 8.1 Decisions and their risk
Equivariance and Invariance . L . Let A be convex and a — L(f,a) convex for all §. For
Let A be the action space. A decision is a function d : X — any decision d(X), define d'(S) = E, [d(X) | S} Then
Location equivariant: T satisfies T'(z1 +¢,...,z, + A; after observing X, we choose d(X). The loss function: v ’ - ' ’
¢)=T(x1,...,x,) +cforall ce R,z € R L:0 x A — R gives the loss L(6,a) for parameter 6§ and R(9,d) < R(9,d) for all O
Location invariant loss: L(6 +c,a+c¢) = L(6,a) for action a. The risk of d is B
all ce R. /
R(0,d) := EyL(6,d(X)). and d’' does not depend on 6.
Risk for Equivariant Estimator and Invariant If A=, d is often called an estimator (T); if A = {0,1} or Special case (mean squared error): For any estimator
Loss A =10,1], a test (¢). T(X) with sufficient statistic S
If T'is equivariant and L is invariant, then Risk decomposition for quadratic loss R(0,T") = MSE(T") < MSEg(T'), where T'(S) = Ey[T | S]
R(0,T) = EoL(0,T(¢)) for all 0, For any estimator d(X) of the parameter ¢ under Variance is reduced by Rao-Blackwellisation, while the bias
quadratic loss, where L(f,a) = (6 — a)? and assuming is preserved.

where ¢ = X — 6; the risk does not depend on 6. Eo[d(X)?] < oo, the risk decomposes as

2 8.3 Admissible decisions

UMRE Estimator (Uniform Minimum Risk R(0,d) = Ey [(Hfd(X))Q] = Varg (d(X))~+][Biasg (d(X))]",
Equivariant) Admissible decision
where
T is UMRE if it is equivariant and A decision d is inadmissible if there exists another d’
Varg (d(X)) = Eq [(d(X) - ]Egd(X))Q} , such that R(6,d’) < R(0,d) for all § and strict inequal-
R0, T)= min R(A,d) for all 6. . ity for some . Otherwise, d is admissible.
equivariant d BlaSg (d(X)) = Eed(X) — 6.
For invariant loss, this is equivalent to minimizing Neyman-Pearson test admissibility
Aithtr) o il et G 8.2 Risk and sufficiency A Neyman-Pearson test ¢ p is admissible if and only
Construction of UMRE estimator Suppose S = S(X) is ‘a‘suﬂ.icient statistic. if one of the following holds:
A randomised decision is a map 0 : X — M;(A), where o . .

Given equivariant d, define M (A) denotes the probability measures on the action space © fi pover &5 siricilly Less Sham oune (B, o 20) <

. A. The risk of a randomised decision is 1), or

T'(z) = arg me% Eo[L(0,v +d(e)) | € — d(e) = 2] e it has power one and minimal level among all tests

! R(0,0) = Ep [/ L(0,a)dd(X)(a) of power one.
A

Then T%(X) = T(X — d(X)) + d(X) is UMRE.
Upon observing X, a random sample is drawn from §(X) and L. .
used as the decision. 8.4 Minimax decisions

Pitman estimator (quadratic loss)

. . Minimax decision
Sufficiency preserves risk

If (8, a) = (6 — a)* and d(X) = X, then A decision d is minimaz if
If d : X — A is any decision, there exists a randomised

T*(X) = X, — Eolen | X — Xa]. decision §(S), depending only on the sufficient statistic sup R(0,d) = inf supR(0,d)
S, such that 0cO d’ decision gc@
R(0,0) = R(6,d) for all 6 That is, d achieves the lowest possible worst-case risk

over 6 among all decisions.

If the risk is convex in the action, further improvement is
possible:



Neyman-Pearson test minimaxity

A Neyman-Pearson test ¢y p is minimax if and only if

R(00, onp) = R(01, oNP)

8.5 Bayes decisions

Given a prior IT on O, the Bayes risk of a decision d is
P(IL, d) = / R(9, d) dII(9).
e

A Bayes decision (w.r.t. II) minimizes this risk among all
decisions.
If IT has density w, then

r(IT, d) = /@ R(9, d) w(9) du(®).

Intuition: The Bayes risk is a weighted average of risks
over © under the prior belief about 6.

Bayes test (simple vs. simple): For Hy: 6 = 0y vs
Hli 0= 91, with wo = H({eo}), w1 = H({Gl}) =1- Wwo, the
Bayes test ¢Bayes is:

e o) | wo

pogxg w1

.o P1 (T Wo

@Bayes(x) =39 if = -
pogl‘; w1

0, if P1¥) 1o

Po(l‘) w1

Intuition: Take the prior odds into account in the like-
lihood ratio test; only reject Hy if the evidence in the data
outweighs your prior preference for Hy over Hj.

Minimum Bayes risk: For wyo = w; = 1/2:

20w, payes) = 1= 5 [ @)~ p1 ()] ()

Interpretation: The risk is high if the two distributions are
similar (hard to distinguish); it is minimized by maximizing
the weighted difference between pg and p;.

8.6 Constructing Bayes estimators

Suppose Py (6 € O) are dominated by a measure v, with
densities p(z | §). The prior IT has density w with respect to
1 on O.

Posterior density:

_ ple | D) ()

w(? | z) s

Given observed x, define the posterior expected loss:
ta,0) = [ L. a)u(d | 2)du(v)

Bayes estimator
The Bayes estimator is any measurable
dBayes(z) = argmin ¢(z, a)
a

If the minimum is unique, this dpayes minimizes Bayes
risk among all estimators.

Interpretation: Minimize expected loss, treating 6 as a
random variable with posterior w(¥ | z).
Quadratic loss: If L(6,a) = (0 — a)?,

i) = B8 | X =] = [ 99| 2)du(0)

(posterior mean)
MAP estimator: For loss L(6,a) = 1{|0 — a| > ¢} with
¢ small,
dyap(z) = arg max w(a | x)

(posterior mode)
If the prior is uniform over © (i.e., w constant), then the
MAP estimator coincides with the MLE.

Role of sufficiency

If § = S(X) is sufficient, the Bayes estimator dpayes(X)
depends only on S(X).

Summary: Bayesian estimation reduces to computing the
posterior, then minimizing posterior expected loss—giving
the posterior mean for quadratic loss, and the posterior mode
(MAP) for small error-threshold loss.

memm=/mxwmwmmw

Bayes estimator for quadratic loss

Consider the case where the loss is quadratic: L(6,a) =
(6 — a)?. Then,

dovsen() = BV | X =] = [ 09| a)au(0).

This estimator T' = dpayes is also called the posterior
mean (the mean of 6 given x).

8.7 Conjugate distributions

Poisson likelihood with Gamma prior

Suppose X1, ..., X, are i.i.d. Poisson(#) with unknown
6 > 0. Assume a Gamma prior 6 ~ T'(k, ), k, A > 0,
with density

)\k
W(ﬁ) _ 719k71€7)\19,

()

Given observed sample x = (z1,...,z,) with total
count s = Y I, x;, the posterior distribution is

> 0.

Olz~T(k+s, A+n).

Binomial model with Beta prior

Suppose X ~ Binomial(n,#) and 6 ~ Beta(a, 8), with
a, 3 > 0. The prior density is

T(a+ B)
I'(a)l'(B)

Given data X = x, the posterior is

(1 —9)P 7,

w(Y) = 9 € (0,1).

0|z ~ Beta(z + a, n —x + ).

The Bayes estimator under quadratic loss (posterior
mean) is
T+«



Normal likelihood with Normal prior

Suppose X1, ..., X, areiid. N(6,02) with known vari-
ance o2. Assume prior § ~ N(uo,03). Given data
x = (z1,...,%,) and sample mean T = %in, the
posterior distribution is
27+ Lo 1
0 ‘ &~ N <J n a(i ? n 1 )
stz ot

Posterior distribution for exponential family
with conjugate prior

Suppose the data X = (Xi,...,X,) are i.i.d. with
density in an exponential family form

p(z | 0) = h(z)exp (n(0) - T(x) — A(6)),

where 7(0) is the natural parameter, T'(z) is the suffi-
cient statistic, and A(#) the log-partition function.
Assume the prior on € is conjugate, having density

w(0) oc exp (n(0) - v — TA(0)),

with hyperparameters v and 7.
Given sample x, the posterior distribution is also con-
jugate with updated parameters

w(0 | z) ocexp (n(0) - (v + T(x)) — (7 + n)A(0)).

Thus, the posterior belongs to the same family with
parameters v + T'(z) and 7 + n.

9 Proving admissibility and minimax-
ity

In unbounded parameter spaces, the following extended no-

tion is useful:

Definition: extended Bayes estimator

T is called extended Bayes if there exists a sequence of
priors (W, )men such that

(W, T) — 1%1/f (W, T") = 0 as m — oo,

where r(w,,,T) is the Bayes risk under prior w,,.

9.1 Minimaxity
Proposition: Criteria for minimaxity

Suppose T is a statistic with constant risk R(0,T) =
R(T) independent of . Then:

1. Admissible ' = T is minimax.

2. Bayes T' = T is minimax.

3. Extended Bayes T = T is minimax.

The Pitman estimator is extended Bayes for quadratic
loss, thus is minimax.

9.2 Admissibility
Bayes admissibility conditions

Suppose T is Bayes for the prior w on © (an open set),
with R(0,T) < oo for all T. Either of the following is
sufficient for admissibility of T"

1. T is the unique Bayes estimator: r(w,T) = r(w,T")
implies T = T" Py-almost surely for all 6 € ©.

2. For all estimators 7", R(6,T’) is continuous in
0, and for every open set U C O, II(U) =
Sy w(®) du(9) > 0.

Extended Bayes admissibility

Suppose T' is extended Bayes, and assume for all esti-
mators 7', R(6,T") is continuous in 6, and every open
U C O satisfies I1,,,(U) := [; Wi (9)dpm () > 0 for all
m. If also

(W, T') — infpr (Wi, T')
I, (V)

as m — oo for all open U, then T is admissible.

Admissible estimators for the normal mean

Let X ~ N(0,1), 0 € R, quadratic loss. For estimators
of the form T'= aX + b with a > 0, b € R:

1. T is admissible if and only if a < 1,
2. ora=1andb=0.

9.3 Admissible estimators in exponential fam-

ilies
Admissibility in canonical exponential families

Let © = R, and suppose P = {Py : ¥ € ©} is an
exponential family in canonical form with d twice dif-
ferentiable. For quadratic loss L(a, ) = |a—d(19)|?, the

estimator 7' = T'(X) is admissible for g(¢) = d(¥).

Caution: parameter space matters!

If the canonical parameter space is not R, admissibility
can fail.

Ezample: X ~ N(0,02), 02 € (0,00) unknown, written
as 0 = 1/02. Here, T(z) = —22/2 is NOT admissible;
the risk is minimized for T, (r) = —ax?® with a = 1/6.



10 Asymptotic Theory

10.1 Notions of convergence
Convergence in probability
Z,, converges in probability to Z if, for all € > 0,

lim P(||Z, — Z|| > €) = 0.
n— oo
. P
Notation: Z,, — Z.

Chebyshev’s inequality

For any increasing function ¢ : [0,00) — [0, 00), € > 0,
and random variable Z,

Ey(|1Z])
P(12] > ) < =0,

Convergence in distribution

Z, converges in distribution to Z if for all continuous
and bounded functions f,

lim Ef(Z,) =Ef(Z).
n—oo
. D
Notation: Z,, — Z.
Convergence in distribution only depends on the distri-

butions of Z, and Z, often written as Q,, — @Q (where w
stands

Equivalence with cdf convergence

Zn 2 7 = F,(z) — F(z) at all © where F is
continuous, where F;, and F' are the cdfs of Z,, and Z.

Convergence in probability implies convergence in distri-
bution, but not vice versa.

Central limit theorem (CLT)

Let (X, )nen be iid random variables with mean p and
variance 02 < co. Then,

\/E(Xn = ,u) b, N(0,0%), n — oo,
where X, = 230 | X;.

Cramér—Wold device

For Z,, Z RP-valued random variables,

Zn 2 7 = a2, 2 d'Z, for all a € RP.

Portmanteau Theorem

Z, 2z (with Z distribution @ and cdf G) if and only
if the following equivalent conditions hold:

1. 7, 2z

2. Ef(Z,) — Ef(Z) for all bounded Lipschitz func-
tions f

3. Ef(Z,) — Ef(Z) for all bounded, Q-a.e. continu-

ous f

4. P(Z, < z) — G(z) for all z at which G is continu-
ous

Continuous mapping theorem

If Z, L. 7 and f:RP — RY is (Q-a.e. continuous, then

£(Z2) 2 1(2).

The continuous mapping theorem also holds for conver-

gence in probability: If Z, Ly Z then f(Zn) i f(Z) for

Q-a.e. continuous f.

Stochastic order notation
o 7, =0p(1)iflimps 00 limsup,,_, o P(||Zn]] > M) =
0 (bounded in probability).

e Z,=0p(ry) it Z,/r, = Op(1).
o Z, =op(l) if Z, 2 0.

o 7, =op(ry) it Z, /7, 0.

o If Z, 2 Z, then Z, = Op(1) (bounded in probability).
o If Zy = OP(fn) and fn = O(Qn)a then Z,, = OP(gn)'

o If [|Z,[|* = Op(rn) and g(z) = o([|z(|*) as  — 0, then
9(Zn) = op(ry).

Slutsky’s theorem

If Z, D, 7 and A, £, a, then A! Z, Dowz.

10.2 Consistency and asymptotic normality
Symmetry of estimators

For iid data, it is natural to assume each T}, is symmet-
ric in its arguments:

Tn(Xh oo 7Xn) = Tn(Xﬂ-(l)7 oo >Xﬂ-(n))

for any permutation .

Consistency

A sequence of estimators (7),)nen C RP is called con-
sistent for v = g(¥) if, for all ¥ € O,



Asymptotic normality

(T)nen C RP is asymptotically normal for v = g(9)
with covariance Vy € RP*P if, for all 4 € O,

VT, — ) 22 N,(0,V3), n— oo,

D, e
where —% denotes convergence in distribution under
Py.

10.3 Asymptotic linearity
Asymptotic linearity

A sequence of estimators (T},)neny C RP for v = ¢(9)
is asymptotically linear if, for all ¥ € O, there ex-
ists a function £y : X — RP with Eyly(X;) = 0 and
Ey|£s(X1)||? < oo, such that

1 « 1
Uy = = o Z%(Xi) + op, <\/ﬁ> .
i=1

The function £y is the influence function. The matrix
Vg = Eply(X1)ly(X1)' is the asymptotic covariance.

Asymptotic linearity implies asymptotic normality.

10.4 The delta-technique
Delta-method (-technique)

Let (Ty,), Z be RP-valued random variables, ¢ € RP,
(rn) with 7, >0, 7, | 0, and h : RP — R differentiable
at ¢ with gradient h(c) € RP. If

T, —
€L,z

Tn

then
h(T,) — h(c) = h(c)' (T, — ¢) + op(ry),

and in particular,

Corollary: Asymptotic normality

If (T},) is a sequence of asymptotically normal estima-
tors for v = g(¥) € RP with asymptotic covariance Vy
and h is differentiable at -, then (h(7,)) is asymptoti-
cally normal for h(y) with asymptotic variance

h(7)' Voh()-

If (T},) is asymptotically linear with influence function
£y, then (h(T},)) is asymptotically linear for h(y), with
influence function h(y)'£y.

11 Useful

11.1 Formulas

Convolution of independent discrete random
variables

CHANGE TO CONTINUOUS CASE For independent
discrete random variables X,Y with pmfs px, py

px+v(2) =) px(z—y)pr(y).

Moments and Moment Generating Functions
(MGF)

For a random variable X, the moment generating func-
tion is defined as

Mx(t> o= E[etX],

provided the expectation exists in a neighborhood of
t=0.

Moments of X can be extracted from the MGF by dif-
ferentiation:

e The n-th moment is
dn

E[X"] = M (0) := — Mx(t)

dtn pa—

e In particular,

E[X] = Mx(0), E[X?] = M%(0).

11.2 Tables

Distribution Density / PMF

N(pz,0%) Ix@) = e (-C555), wer.
Exp(}) fx(@) = Ae™ 150y

Bern(p) fx(@)=p*(1-p)'=", «e{0,1}
Poisson()\) P(X=k)=e 20 k=0,1,2,...

Binomial(n,p) P(X =k)= (Z)pk(l —p)"F  k=0,1,...,n

Gamma(a, 8)  fx(z) = Fﬁz)xaflefﬁz]l{zzo}

11.3 Distributions

Poisson distribution Pois())

Intuition: Models the number of events occurring in a
fixed interval of time or space, assuming events happen
independently at a constant average rate.

Parameters: A € (0,00) (rate)

Support: k € Ny

PMEF: N
Afe™
p(k) = TR

CDF: Not used, too complicated
Mean: E[X] =\

Variance: Var(X) = A
Exponential family form:

pa(k) = exp (klog A — XA — log(k!)), Kk € Ny.
Characteristic function:
ox(t) = E[eitx] = exp [)\(eit = 1)] )

Fisher information:

Properties: If X ~ Pois(d) and Y ~ Pois(A) are inde-
pendent, then

X +Y ~ Pois(0 + A).



Exponential distribution Exp(\)

Intuition: Models the waiting time until the first event
in a Poisson process with rate A, i.e., time between in-
dependent events occurring at a constant average rate.
Parameters: A € (0,00) (rate)
Support: z € [0, 00)
PDF:

f(z) = Xe 2.

CDF:
F(z)=1—e7,
Mean: E[X] = %

Variance: Var(X) = 35

Exponential family form:
fa(z) =exp (logh — Az), x>0.

Characteristic function:

] A
t) = E[e®™X] = t e R.
px(t) =Bl = s, te
Fisher information:
1

Properties:
e Memoryless property: For s,t > 0,

P(X>s+t| X >s)=P(X>t).

e The sum of n independent Exp(\) variables is
Gamma(n, \) distributed.

Binomial distribution Binomial(n, p)

Intuition: Models the number of successes in n inde-
pendent trials, each with success probability p.
Parameters: n € N (number of trials), p € [0, 1] (success
probability)

Support: k € {0,1,...,n}

PMF:

o) = )k,

CDF: Not used, too complicated
Mean: E[X] = np

Variance: Var(X) =np(l —p)
Exponential family form:

pp(k) = exp <k logp + (n — k)log(1 — p) + log (Z)) :

for k € {0,1,...,n}.
Characteristic function:
px(t) = E[e®¥] = (1 - p+pe)".

Fisher information:

I(p) “

“p(l—p)

Properties:
e If X ~ Binomial(n,p) and ¥ ~ Binomial(m,p)
are independent with the same probability, then

X +Y ~ Binomial(n + m, p).

e The binomial distribution is a special case of the
multinomial distribution with & = 2 categories.

Multinomial distribution Mult(n, p)

Intuition: Models the counts of outcomes when per-
forming n independent trials, each resulting in one of k
mutually exclusive categories with fixed probabilities.
Parameters: n € N (number of trials), p = (p1,..., k)
with p; € [0, 1] and Ele p; = 1 (category probabilities)
Support: x = (z1,...,7) € Nf with Zle T;=n

PMEF:
n! - -

p(x) = mlﬂ Py -
CDF': Not used, too complicated
Mean: E[X;] =np; fori=1,...,k
Variance: Var(X;) =np;(1 —p;) fori=1,... k
Covariance: Cov(X;, X;) = —np;p; for i # j
Exponential family form:

k
n
= 7,1 4 1 )
Pp(X) exp(E x;log p; + log (xlx]))

i=1

with Zle By = T
Characteristic function:

k n
px(t) = E[e™ X] = <Zpi€m> -

Fisher information: The Fisher information matrix is

i = B
pi Dk
where d;; is the Kronecker delta.
Properties:
e Each marginal X; ~ Binomial(n, p;).
o If X ~ Mult(n,p) and Y ~ Mult(m, p) are inde-
pendent with the same probabilities, then

X +Y ~ Mult(n +m,p).
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