Mathematics of Information —
Cheatsheet

Daniele Cambria

May 22, 2026

1.3 Frames for General Hilbert Spaces

Motivation: From Finite to Infinite Dimensions

Finite-dimensional analysis matrices T generalize to
analysis operators T : { — ¢? in infinite-dimensional
Hilbert spaces. A frame formalizes the concept of re-
dundant signal expansions.

Bessel sequence: 3B < oo such that Y, . [(z, gi)|* <
B||z|* for all z € H. The smallest such B is the Bessel
bound.

Definition 1.8: Frame

A Bessel sequence {gx trex, gr € H, is a frame for H if
there exist constants 0 < A < B < oo (frame bounds)
such that:

Allel®> <> K, g)* < Blla|® for all z € H
kex

Equivalently: A|z|? < ||Tz||?> < B|z|*

Key properties of frames:

e Completeness: If A > 0 and (z, gx) = 0 for all k, then
=0

e Boundedness: If B < oo, then T is continuous

e Lower bound — left-invertibility: A > 0 ensures per-

fect reconstruction is possible

The adjoint operator: For a bounded linear operator
T : H — £2, define the adjoint T* : /2 — H by:

(Tx,c) = {x, Tc)

For frame analysis, T* acts as:

T*{ckbhex = Y Crk

ke

This generalizes the Hermitian transpose T from finite to
infinite dimensions.

Synthesis Operator T*:
thesis

Adjoint vs. Dual Syn-

The synthesis operator T* : [ — H is the adjoint of
the analysis operator: T*c =} crgs.
Critical distinction: T* # T* (dual synthesis):

e T*: Adjoint only. T*Tx = Sz # z (NO perfect re-
construction).

o T* = STIT*: Gives T*Tz = x (perfect reconstruc-
tion).

Why? In redundant frames, T*T = S # I. Recon-
struction requires:

z=T*S™'Tz or equivalently z = T*Tx

1.3.1 The Frame Operator
Definition 1.14: Frame Operator

For a frame {gx}rex with analysis operator T, the
frame operator is:

S=T*T:H —>H

Acting on = € H:

Sz =" (z,gr)gx

ke

Key identity (eq. 1.39):

Z|19k

ke

(Tx, Tx) = (T*Tz, z) = (Szx, x)

So the frame condition Al z|? < Z|< Lo 2 < B|lz))? is
equivalent to Alz||? < (Sz,x) < B||z|?.
Why is S central?

e In finite dimensions: S = THT (Gram matrix of frame
elements)

Theorem 1.15: Properties of the Frame Operator

1. Linear and bounded: S is continuous (composition of
bounded operators)

2. Self-adjoint: S* = (T*T)* =T*T =S

3. Positive definite: (Sz,z) = ||Tz||?> > Al|z||? > 0 for all
x#0

4. Unique positive square root: 3 unique self-adjoint
positive S1/2 with S = (S'/2)2
Consequence: S is invertible, and the inverse S™*

also self-adjoint, positive, bounded.
Proof outline:

) Composition of bounded operators
2) (AB)*
) Lower bound: (Sz,z) > Al|z|> >0

) Spectral theorem: positive operators have unique pos-
itive square roots

= B*A* gives self-adjointness

(1
(
(3
(4

Theorem 1.17: Frame Bounds from Spectrum
The optimal frame bounds are the extremal spectral val-
ues of S:

A= dnin(S) and B = Apax(S)

1.3.2 The Canonical Dual Frame

Theorem 1.19: Canonical Dual Frame

Let {gx}rex be a frame with frame operator S = T*T
and bounds A, B. The canonical dual frame is:

g =S"'gr, keK

This is also a frame for H with bounds A =1/B and
B =1/A.

Why is the canonical dual frame important?

e Perfect reconstruction: z =, ;- (x, gx)gx for all z €

H

e Uniqueness: The dual frame is the unique frame for per-
fect reconstruction

e Reciprocal duality: If {g;} is the dual of {gx}, then
{gx} is the dual of {g;}

Key relationship: T =TS~ ! = T(T*T)~!, S=s""
Proof of Theorem 1.19 (key steps):



1. S7! is self-adjoint. (SS— ) (S— ) S* =1, and S* =
S, so (S71)*S =1, hence (S7!)* =St
2. Analysis operator. Using (S71)* =S~
Tx = {(z,31)} = {(2,S g}
= {(S7'w,gr)} = T(S™'x)
3. Frame bounds. Since (S71)* =S
Sl = 367 .00
i
<S(S L2),s71z) = (S71a, z)

Eigenvalues of S7' lie in [1/B,1/4], giving: +|z|?
(871, @) < gl

IN

Theorem 1.21: Dual Frame Operator
The canonical dual frame operator satisfies:
S=s7!
Proof of Theorem 1.21:

SZL’ = Z<w7§k>§k = Z<xa S_lgk> S_lgk

k k

=S (7w gr)gr =ST'SS e =S
k

Step 3 uses (S71)* = S7! to move S™! outside; step 4 uses
the definition of S.
1.3.3 Signal Expansions (Reconstruction)

Theorem 1.22: Frame Reconstruction

Let {gr} and {gr} be canonical dual frames.
signal x € H has two perfect reconstructions:

T = Z<x7§k>gk = Z(wygwék

kex keKx

Every

Equivalently: T*T = Iy, and T*T = Iy,.

Proof of Theorem 1.22: Show T*T = I:

T*Tx = Z@,gk)gk = Z<1’7S_1gk>gk

k k

OO S s e s =SS e =2
k

The proof of T*T = I is analogous (swap gr <> Jk)-
Note: Both forms avoid computing S™! explicitly; the
dual absorbs the inversion.

1.3.4 Tight Frames
A frame {gp trex with A = B is called tight.

Theorem 1.26: Tight Frame Characterization

A frame is tight with bound A if and only if:

1
=7 Z@,gk)gk

keKx

S=Aly <=

This is Parseval’s identity for tight frames. The dual is
simple: g = %gk.

Tight frames allow perfect reconstruction without invert-
ing S — just scale by 1/A.

Theorem 1.29: A tight frame with A =1 and ||gx|| =1
for all k is an ONB. (Tight + unit norm + A =1 = no
redundancy.)

1.3.5 Exact Frames

Definition 1.32: Exact Frame

A frame {gx}rex is exact if removing any single ele-
ment leaves an incomplete set. Otherwise it is inexact
(redundant).

Key equivalences:

e Exact frame = Riesz basis = frame with no redundancy
e Analysis operator T is surjective (onto £2)
e Representation unique: > crgr = Y. argr = cp = aj (ex-
act frames: coefficients (z, gr) have minimal ¢2-norm)
Biorthonormality: Exact frames and their canonical
duals satisfy:
<gkygm> = 5k,m

This is the infinite-dimensional generalization of biorthonor-
mal bases.

1.4.1 Sampling as Frame Expansion

Theorem 1.38:
Frame

Shannon Sampling as Tight
Let z(t) € £?(B) (bandlimited to B Hz), sampled at
rate 1/T > 2B. Define:

g (t) = 2Bsinc(2B(t — kT)), ke€Z

Then {g }rez is a tight frame for £2(B) with bound
A=1/T, and:

k=—o00

-7 >

k=—o00

k‘T gk:

Samples xz(kT) = (z, gi) are frame coefficients. T : z
{xz(kT)} is the analysis operator (sampling); T* is sinc inter-
polation. Frame is tight with A = 1/T regardless of over-
sampling rate (as long as 1/T" > 2B).

2 Sparse Recovery & Compressed Sens-
ing
Setup: Dictionary D € C™*" with m < n and unit-norm
columns ||d¢|]]a = 1. Observe y = Dx, recover x assuming
sparsity.

Sparsity: ||x|lo £ [{i : #; # 0}| (quasi-norm).
sparse if ||x||o < s. Support: supp(x) = {i : z; # 0}.

X is s-

2.1 Coherence

Coherence & Cumulative Coherence

u(D) = e ez, @l

D) £ (d
yin (D) @ﬁi}i%asxz:' 0 d

Welch bound: (D) > /5ty
1/y/m.

Useful: 11(D) = pu(D) and u,(D) < nu(D). Low co-
herence < columns near-orthogonal.
Between two ONBs {u;},{v;} of H%: u(Bi,B2) =

max; j [(u;, v;)]

> VA (else ] = ¥, [(ur, 02 < 1,



contradiction). Saturated by mutually unbiased bases.

2.2 Spark and Uniqueness
Spark

spark(D) = cardinality of the smallest linearly depen-
dent subset of columns.

Uniqueness (Pg): If ||x]|o < spark(D)/2, then x is the
unique || - [lo-minimal solution of Dx = y.

Coherence-spark bound: spark(D) > 1 + ﬁ.

Hence ||x[|o < %(1 + Mﬁ) = unique recovery.

2.3 Recovery Problems

(Py) min|X[os.t. Dk =y (NP-hard)
(P1) min||x|; s.t. Dx =y (LP: Basis Pursuit)

Why ¢17 Convex relaxation of £y. Geometrically: ¢1-ball
has vertices on sparse vectors, so the feasible affine subspace
{x} + N(D) first touches the ball at a sparse point.

2.4 Exact Recovery Condition (ERC)
ERC for support S

maXygs Zjes ‘<df’ dj>‘
1 —maxees Y je s (o3 [(de, d5)]

<1

Sufficient (cumul. coherence): 1g—1(D)+p s /(D) <
1 = ERC holds, (P1) recovers every x on S.

Key identity: (x,sgn(x)) = ||x||1 (since x;sgn(z;) =
i),

Subspace duality: im(AY) = ker(A)*. So v € ker A,
u € imA" = (v,u) = 0 (lets you replace sgn(x) with
sgn(x) — u inside null-space pairings).

2.6 Dual Certificate for BP
Theorem: If x has support S and there exists z € C™ with

Dz =sign(xs), |Dh.z

loo < 1,

and Dg has full column rank, then x is the wunique (P1)
minimizer.

Reading: z is a witness; DYz lies in 9| - ||; at x (= 1
on S in modulus, < 1 off S). This is the KKT subgradient
condition.

2.7 Compressibility

Best s-term approximation: o(x), = inf,,<; [|x — 2|,
= keep s largest-magnitude entries, zero the rest.

Weak-¢, quasinorm: ||x||p.oc = sup,wot- |[{i : |z:] >
t}|'/P. Equivalently, if |z(1)| > |z(2)| > ... are sorted magni-
tudes:

Iaclp.co = sup k'l

Decay = approximability: |x|/p.. < C = 05(x)q <
C st/a=1/7 for ¢ > p.

3 Restricted Isometry Property (RIP)

Setup: Measurement matrix ® € C"™*", m < n. Observe
y=®x (or y = ®x+n, ||n|]2 <e).

3.1 RIP and Restricted Orthogonality
s-Restricted Isometry Constant d
Smallest § > 0 such that, for all s-sparse x:
(1= 03 < 1®x[13 < (1 +3,)[1x]13

Equivalently, |[|[®x[|3 — [x]3] < &, x]3.

(s,t)-Restricted Orthogonality Constant 0, ;

Smallest 8§ > 0 such that, for all disjointly supported
s-sparse u and t-sparse v:

[(®u, ®v)| < 0,4 [Jull2 V]2

Reading: d, controls energy preservation on sparse vec-
tors; 6,; controls cross-correlation between disjoint sparse
blocks.

3.2 Key Inequalities Between Constants

Monotonicity: 05 < d541, 05t < 05414
06— bound (Lemma 7.4):

05,t S 6s+t

05 +10; + 2/ st 0,
Reverse bound: §sy; < $0s + t——:—_t 5t srt
s

Telescoping (24-P4): 0,5 < (n —1)60, s + 05 (split an
ns-sparse vector into n disjoint s-sparse blocks and expand
[@v][* —Iv]).

Decomposition identity: For x = u + v with disjoint
supp(u), supp(v) (|suppu| <s, [suppv| < 1):

[@x3 = lIx[3] < dsllull3 + 0[[vI3 + 20s.¢ ][ ull2]| V]2

3.3 Recovery Guarantees

Theorem 7.2 (Noiseless, ¢; recovery)

If 695 < V2 — 1 ~ 0.414, then the BP solution x* =
argmin ||X||; s.t. ®X =y satisfies

Ix* = xllz < Cos™/2||x — x,s

where x; = best s-term approximation of x. In par-
ticular, x exactly recovered if s-sparse.

Theorem 7.3 (Noisy, robust ¢; recovery)

If 025 < v/2 — 1 and ||n||s < &, then x* = arg min ||%||;
s.t. ||y — ®x||2 < ¢ satisfies

Ix* = xllz < Cos™/2||x — x,||1 + Cie

Reading: Two error sources — compressibility (how far
x is from s-sparse, ||x — xs||1) and noise ().

3.4 RIP for General (Non-Sparse) x

Split x by sorted magnitudes into blocks Ty, T, . .
(largest entries first). Then:

1@xl2 < V146, [Ixpll2 + Y V/1+ 6 [Ixa, |2

Jj=1

. of size s

Using ||x7, ]2 < s7V2||x7,_,|l1 (block magnitudes decreas-

ing): [ ®xll2 < vI+d,(llx]l2 +s7/2|x]l1).

3.5 RIP & Coherence

For s = 1: 01 = max;|[|®;[3 — 1|; for unit-norm columns,
9 =0.

For s = 2 with unit columns: d; = p(®).
More generally, Gershgorin: d; < (s — 1) u(®).



4 Johnson—Lindenstrauss Lemma

Goal: Embed m points & C R” into R* with & < n while
approximately preserving all pairwise distances.

Lemma 8.1 (JL)

For e € (0,1), if

8

then there exists f : R” — R¥ such that for all u,u’ €
U:

1 =g)flu—u'|* < [[f(w) = fF()]* < (1 +e)llu—u'||?

Sample complexity: k = (9(5’2 log m). Crucially, k is
independent of n.

4.1 Concentration Lemma

Lemma 8.2 (Concentration)

Let A € R¥*" have i.i.d. N'(0,1/k) entries. For fixed
ueR™

P([|Aull? - |[ulf?| > efu]|?) < 2¢7+—<")/4

with E[l|Aul|?] = [ju]/*.

Generalization: Same bound holds for sub-Gaussian
entries: P(|a;j| > t) < cre—cat’

JL via concentration: For each of the (7;) pairs u—u’,
apply Lemma 8.2 with the union bound. Failure probability
< 2(7;)6”“(52*53)/4 < 1 provided k satisfies the JL bound.
So a random Gaussian f(x) = Ax works with positive prob-
ability.

4.2 Converse (Lower Bound on k)

JL is essentially tight: any e-distortion embedding of m
points requires k = Q(s72logm/log(1/e)). Proof via pack-
ing argument in Euclidean ball (exam 21-22-P3).

4.3 JL = RIP (Ch 9)

For random matrix ® satisfying JL concentration: apply
to a fine e-net of unit-norm s-sparse vectors. With m >

c1k/log(n/k), RIP holds with probability > 1 — 2e~%™.
Gaussian/sub-Gaussian random matrices satisfy RIP with
m = O(slog(n/s)) measurements.

5 Approximation Theory & Metric En-

tropy
5.1 Covering and Packing Numbers
Definitions

Let (X, p) metric space, C C X compact, € > 0.
e-covering: {zi1,...,zy} C X such that Vaz € C, i
with p(z,z;) < e. Covering number N(g;C, p) = size
of smallest e-covering.

e-packing: {zi1,...,zm} C C with p(x;,z;) > € for
i # j. Packing number M(g;C,p) = size of largest
e-packing.

Metric entropy: log, N(g;C, p) — bits needed to en-
code C to precision €.

5.2 Covering—Packing Duality

Lemma 10.4
M(2e;C,p) < N(e;C,p) < M(e;C, p)

Reading: Covering and packing have the same scaling
in € up to constants. Use packing for lower bounds, covering
for upper bounds.

Proof.

Left (M(2¢) < N(¢)): Let {z;} be a maximal 2e-packing
and {y;} a minimal e-covering. Each z; lies in some ball
B(y;ay,€). If j(i) = j(i') for i # ¢, the triangle inequality
gives

p(xi, zir) < p(wi,Y50)) + p(Wiay, Tar) < €+ € = 2,

contradicting p(x;, z;) > 2e from the packing. So i — j(4)
is injective, giving M < N.

Right (N(e) < M(e)): Let {x;} be a maximal e-packing.
Claim it is already an e-covering. If not, 3z with p(z,z;) > ¢
for all ¢, making {x;,z} a larger packing — contradiction.
Hence N < M. O

5.3 Volume Ratio Bound
Lemma 10.5 (Volume Bound)

For norms || - ||, || - ||” on R? with unit balls B, B':
d 2 /
1\" vol(B) ~ _ Vol(£B+B')
— < N(e: . L —2_ 2
(5> oy SNEB -1 = — 05

Same norm (B=B'): e ¢ < N(g;B, | -||) < (1+2/¢)4.

5.4 Minkowski Dimension
Minkowski (box-counting) Dimension

log N(e;C, p)
log(1/2)

when the limit exists; otherwise use lim sup, lim inf for
upper/lower dimensions.

dimp(C) = lim

e—=0t

Reading: If N(¢) < ¢~ then dimy = d.

5.5 Key Examples

Interval [—1,1], |-|: grid @; = —1+2(: — 1)e gives M(e) >
|1/e] +1; covering: N(e) < 1/e+1. Hence log N < log(1/¢),
dimM =1.

Unit cube [0,1]%, |||« log N(g) < dlog(1/¢), dimy =
d.

Euclidean ball BY: log N(g;BY,| - ||2) =< dlog(1/e),
diIHM =d.

Binary hypercube {0,1}¢, Hamming: [{0,1}%| = 29,
packing/covering depend on Hamming radius (use volume of
Hamming ball V(d,r) =>",_, (il))

Cantor set C C [0,1] (ratio 1/3): N(37™) = 2", so
dimy; = log, /logs = 0.631.

5.6 Sparse Vectors
The set X5 = {x € R" : ||x]|lo < s, ||x]||2 < 1} has
log N(g; X, || - ||2) < slog(n/s) + slog(1/e)

(union of () s-dim balls).



5.7 Toolbox for Metric Entropy Problems 6.1 Empirical CDF & Glivenko—Cantelli 6.3 Rademacher Computations

Monotonicity: E,(t) = L{i: X; <t} Linear class: F = {z — (w,z) : |Jw||s < W} with ||z||s < R
. . . . a.s. .
o Ine: e N(&;C, p) and & — M(e;C, p) are non-increasing. . F is a Glivenko—Cantelli class for P if |P,, — P||x —> & ) < WR
e Inset: CCC' = N(g;C,p) < N(eg;C,p), same for M. . " —Vn
Theorem 12.6 (Glivenko—Cantelli) Ledoux—Talagrand contraction: If ¢ : R — R is L-

Hamming ball volume: In {0,1}¢ with Hamming dis- N . -
tance, [B(z,m)] = S (Z) Hence Lipschitz with ¢(0) =

F [ . . F _ F a.s. .
or any distribution, ||, loo —> 0 Ru(é0 F) < 2LRo(F)

24 24
Z ( ) SN<M< [m/2] (d) . (factor 2 for the absolute-supremum version used in this
k=0 k=0 Ak 6.2 Rademacher Complexity course; iteratively gives bounds forKK—layer networks with
where N = N(m; {0,1}¢,dw), M = M(m;{0,1}¢,du). Empirical & Population Rademacher Complex- Lipschitz actlvatl.onsz Rn(FK) EHi:l@BiL) +Ren(F0)).

Sauer—Shelah binomial bound: For d < n: ity Convex hull: .Rn(COHV F) = Rn(F).

. Massart’s finite-class: |F| < oo, sup, || f(X7)[]2 < M:
n en 4 Let €; € {£1} i.i.d. uniform (Rademacher).
<|(— .
Z(k>_(d> Rn(]:)SMi\/mOM

(]: x7) = E.

Binary entropy & KL:

n
] Class arithmetic:
Sum/dlff Rn(]:l ifQ) < R ( ) Rn(FQ)
(F n(F:
1) +

Sup E 51 wl
i=1

¢(t) = —tlogt — (1 —t)log(l — 1) R (F) = Ex[Rn(F; X))

[¢]

[¢]

Abs.: R, (|[Fi—Fa]) <2(Ru(F1) +R ))

D(pllq) = plog & + (1 —p) log 3=¢ : 3
! - Reading: R, (F) measures how well F can correlate ° Max: Rn(m?f_{;ﬁ;iﬂ) < 2(RalF Ren(F2)) (from
Note D(a||3) = log2 — ¢(a). Used in hypercube packing with random sign noise. Large R, = class too rich. max{a, b} = 5—3-)
bounds: h 12.10 (Rad L " bound) o y; € {£1} Rademacher-symmetric: R, ({y f}) = Rn(F)
eorem 12. ademacher uniform boun
RKHS class: F = : < ith
b log M(e3 {0, 1%, dir) < D((de/2]/d | ) + =54tD) o IS classi For Jo = A € 2 1l = 0w
If || flloo < b for all f € F, then for all § > 0: ‘
Self-similar / fractal scaling: If C splits into k dis- 5 < b b
n o -k i,x;) = 2V K
joint copies each scaled by A < 1, then N(A"¢p;C) < k™, so IP, — P||x < 2R, (F)+0 RnlFo) < 5/ i blwi 2s) = 3V
dimy (C) = log k/ log(1/A). via reproducing property f(z) = (f, ¢.) + Jensen.
Isometric embedding: If V : C — (' is a bijective isom- with probability > 1 — e="°/(¥"). Hence R,(F) = '
; = :C'Lp) (eg. iz ices: 1) = Glivenko—Cantelli. . .
etry, then N(e;C, p) = N(g;C', p") (e.g. vectorizing matrices o(1) ivenko—Cantelli 6.4 VC Dimension
4] ¢ = [ vee(A)]2).
No?m comparison: Iff-ff<c ” I on K, then any McDiarmid (bounded difference inequality) Shattering & VC dimension
g-covering w.r.t. || - ||" is also an e-covering w.r.t. || - ||, so
. X .
) If ¢(X1,-~-,Xn) wiistes (... @,..) — For binary class F C {0,1}*: {z1,...,2,} is shat-
N K |- ) S N@E/CK |- |') S N(g K |- ) it C>1 ¢(...,x),...)| < L; (changing one coordinate changes tered if |F(z7])| = 2™ (all labelings reali.zable).'
B -l < |- < - I gives Nz K, |- [2) < N(e: K, ||| ¥ by at most Ly), then for & > 0: A7) S e R B ot g D
1) < N(Z K- l2)- 0e? '
P(y— By >e) < exp(—s2p)
e Theorem 12.17 (Sauer—Shelah)
6 Uniform Laws & Learning Theory .
Rademacher concentration: R, has bounded differ- For F with VC dimension v < oo and n > v:
Setup: Xi,...,X, iid. ~ P. Empirical measure P, = ences L; = 2b/n. By McDiarmid, w.p. > 1 —é:
L%, 0x,. Function class F. F(a)| < Z ( > (n+1) < (ﬂ)u
A~ 2
Uniform deviation: ||[P,—P||r = sup;c x|+ >, f(X;)— Ro(F) < R (F; X1 + %85(1/5) v

E[f(X)]].



VC-Rademacher link: For binary class with VC-dim

Ru(F) < C VlogT(Ln/Z/)

(Sauer—Shelah + Massart).
log.

Dudley/chaining removes the

6.5 VC Examples (exam-frequent)

Class v
Left half-intervals (—oo, a] in R 1
Intervals (a,b] in R 2
Axis-aligned rectangles in R¢ 2d
Half-spaces in R? d+1
Closed balls in R? d+1
Linear classifiers sign({w,z) —b) in R? d+1
Any d-dim vector space of functions d

Radon’s theorem: Any d+2 points in R? admit a parti-
tion ALIB with conv(A)Nconv(B) # (). Used to upper-bound
VC dim: convex-overlapping subsets cannot be shattered.
6.6 Generalization Bound (PAC)

With probability > 1 — 4, for all f € F (binary, || f|le < 1):

log(1/6
BIf] < Bulf] + 2R, (F) + B
For VC class: sample complexity n = O (Z/Jrk)%(l/é)) suf-
€

fices for e-uniform deviation.

A Inequalities & Quick Reference

A.1 Notation

Symbol Meaning

a* complex conjugate of scalar a

a*, A*  element-wise complex conjugate of vector/matrix
AT transpose (real)

A Hermitian (conjugate) transpose: (Af);; = A;;
A* adjoint of operator A: (Az,y) = (x, A*y)

AT Moore-Penrose pseudoinverse: (ATA)~1AH

Bold A = matrix/vector; Blackboard A = operator on
H. Adjoint of matrix = Hermitian transpose: A* = Al
(context-dependent).

Complex conjugate rules: a-a* = |al?; (ab)* =

a*b*.

A.2 Quick Definitions

Complete space: A metric space is complete if every
Cauchy sequence converges within it. A complete normed
space is a Banach space; a complete inner-product space
is a Hilbert space.

Bounded operator: T : H — H' is bounded if 3C < co
s.t. [|[Tz|| < C||x| for all . Equivalently: continuous. The
operator norm is ||T|| £ sup|z(|=1 I Tz|-

Adjoint: T* unique s.t. (Tz,y) = (z,T*y) for all z,y;
IT*| = |IT|l; T** =T. Matrix: A* = A,

Self-adjoint: A* = A. Complex matrix: Hermitian,
Al = A ie. A;; = Aj;; eigenvalues real, unitarily diago-
nalizable. Real: symmetric, AT = A.

Normal: A*A = AA*. Complex matrix: AHA = AAH;
unitarily diagonalizable. Self-adjoint and unitary are spe-
cial cases.

Unitary (operator): U*U = UU* = [; isometry. Com-
plex matrix: URU =1, i.e. U~! = UH. Real: orthogo-
nal, UTU =1

Spectral theorem: Hermitian A = UAUY, real ;.
PSD < all A; > 0. PSD invertible: ||A7Y||, = 1/Amin.

Gram matrix: G £ THT; entry (k,j) = (ex,e;). Her-
mitian, positive-definite. G = I iff ONB.

Rayleigh-Ritz: For Hermitian G with eigenvalues 0 <
)\min S Amax:

)‘min”X”Q < x"Gx < )‘maXHX”Q

Applied to frames: Apin||x]|? < |lc]|? < Amax|/x]|?. Condi-
tion number K = Apax/Amin; £ = 1 iff ONB (Parseval).

Common Hilbert spaces (each is complete; inner prod-
uct induces the listed norm):

Space  Inner product (-, -) Norm
R™ Ty =, ziyi llll2
cN yHe =3, =9 =2
CK) Ppex arbr, X lag|* <oo llall¢2
L2(Q)  [ofgdu, [|fIP <oo I£1l 2
£2(B) same as L?(R), restricted to &(f) =0, |f| > B -1l

L£2(B) C L*(R) is a closed subspace (bandlimited signals).
R™, CV are finite-dimensional; ¢2,L? are separable and
infinite-dimensional.

e Norm: ||- || : ¥ = R on vector space X over F:
o Positivity: ||z]| > 0; ||z||=0< 2 =0

(a €TF)

o Triangle ineq.: [lz +y[| < [=[| + ||yl

o Homogeneity: ||azx| = |af||z||

Inner product induces norm ||z|| = \/(x,x); not every
norm comes from an inner product (test: parallelogram
law J).

e Vector norms (x € K"):
o ||x|lo £ |{i : @i # 0}] (quasi-norm, sparsity)
1
o flxly = (Zilaif?) ", 1 < p < oo
o ||x||eo = max; |z

e Inner product (definition): (-,) : X x X — F. Con-
vention here: linear in 15 arg, conjugate-linear in 2"9.

o Conj. symmetry: (y,z) = (z,y)
(x,y), plain symmetry)

(over R: (y,z) =

o 1st arg (same over R and C): (ax + By, z) = oz, z) +
By, 2)

o 2nd arg — additive (same over R and C): (x,y+2) =
(z,y) + (2,2)

o 2nd arg — scalar: (z,ay) = @(z,y) over C; = «alx,y)
over R (since @ = «)

o Positivity & definiteness: (z,z) > 0; (z,z) =0 =
z=0

Sesquilinear (over C): linear in 1st, conjugate-linear in

2nd ( “one-and-a-half linear”: @ appears in 2nd). Bilinear

(over R): linear in both (conjugate trivial).

e Inner products (examples):

{x,x)

(£, 1)

o % (x,y) = > Tl = yix; norm ||x||» =

o L*(Q): (f.9) = Jo f(t)g(t) dt; norm | f||2 =
o Real case: drop conjugate (7; — v:, § — 9g)

e Parallelogram law & polarization: 2||z|? + 2||y[|* =
2 +yll* + [l — ylI*.
A norm satisfies this < it is induced by an inner product.
Polarization recovers the inner product from the norm:
R: (0,9) = Lo+l — 7 — y|2); C: add +5(|a +
wl? = llz —ayl?).

e Parseval / Bessel: (H,(:,-)), induced norm || - ||:



o ONB {ex}: 3o (2, ex)” = [l2]®

o Polarized: (z,y) =3, (z,ex)(y, ex)

o Frame {g;}, 0 < A < B: Aljz|? < >, [z, g1)* <
B||x|?

o Bessel: >, |(z, gx)|* < Bl|z|?

Induced norm only; A = B =1 < Parseval (ONB/tight).

e Orthogonality: = | y < (z,y) =0; St={z: (z,y) =
0Vy € S} (always closed).
Pythagorean rly= ||:v+y||2

Lo 1505 2l = 2 Nl

e SVD: A = UXVH with U,V unitary, ¥ diagonal with
o1 >-->20,>0.

[l ]2+ly]|2; mutually

e Matrix norms (op. & Frobenius): For A € C"*",
o |Ally = supjy,=1 [Az]l2 = omax(A)
o [|Allr =/ ; 14> = VT (AHA) = /37, 07
o [|Ally < [lAllr < V7 [[Ally, 7 = rank A
o Submult.: |AB], < Al Bl [|A"]], =

Al
e Trace properties:

Cyclic: Tr(AB) = Tr(BA)

o Basis-invariant: for ONB {e;}, Tr(C) =
Tr(A™A) = A%

Frobenius bound: \||C|||§ < Tr(CCH) =
for any ONB {a;}.

e Matrix Hilbert space: C"™*™ with (A, B)=Tr(BHA)=

) j AijBiz-j is Hilbert, dim m?, isomorphic to C™ via vec.
Frame tools apply.

o]

>.i(Cei,eq)

[¢]

o

Zi,j (ai, Cay)[?

A.3 Key Inequalities

e Cauchy—Schwarz: (z,y in same inner product space; eq.
iff x = Ay)
o [z, )P < |lz||P|lyll” (p > 0; induced norm, same space)
o R"/0%: |32 akb| < [lalle|b] 2
o L |[ fg| < Iflle=llgll

Cannot: mix spaces (z € £2, y € L?) or use non-induced
norms.

e Holder: |Zk akbk| <
same measure space.
Key pairings: £1—¢>, (2% (=

lalles|[Bllea, £+ & = 1; both in

C-S), (/344

e Jensen: For convex ¢:

e (P norm inequalities (x € R"): For 1 <p < ¢ ||z]e <
lzller < nM/P=H 2]l
Special cases: ||z]lee < |2l < VR X|lee;  ||z]lez <

[zl < Vi llzllen

Triangle inequality (any normed space; |- | on R or C is
a valid norm):

Finite: |35y @l < 320 [l
Infinite (Banach): sz 1%“ <D my ]
): IS f@) el < [IIf@) dt

): llzll—llyll| < llz=yl; nocleann >3

e}

e}

o

Integral (Minkowski):

o

Reverse (2 terms):
form

AM-GM / Young: Vab < “T“’; general: (Hl ai)l/n <
%Zz ai (a; > 0).

Usetul: [ul ol < B(Jul® + 1), Young's: ab < 5 +
bq

Bolylag

?(E[X]) < E[¢(X)]. For concave
¢ (e.g. v7): E[¢(X)] < ¢(E[X]), so E[VX] < VE[X].

Markov / Chebyshev: P(|X| > t) < E|X|/t; P(|X —
EX| > t) < Var(X)/t2.

Hoeffding (— Sec. 8): If X;,...,
]P’(‘%ZXi—IE[X]’ >

Union bound: P(|J; 4;) <>, P(A;).

X, i.i.d. bounded,

E) S 26—2m8

N-1 1 ’I"N e}
. P k_ - . k _
Geometric series: kZO rt= T (r #1); Zr =
1 = rm
— 1); b=
< Y=
k=m

1/2

g 300, (1/2)F = (225 =1

= ZZ:1 ak):

Abel summation (summation by parts; A4,

N N-1

D anby = Axby — Y An(b

n=1 n=1
Telescoping form (exam_23):

22;1(‘171 - 252_11 an(bns1—bn)

Trigger: differences on wrong factor — swap via Abel.

n+1 — bn)

—ap—1)bp, = anby —aghy

A.4 Fourier Reference

Convention (lecture notes): frequency in Hz, e~

27 ft

The four forms:

CT-FT: a(f) = [alt)e ™ tdts alt) = [ &(f)edf
DITET: 3(6) = Sy alkle ™ fn] = =27 #(0)c o
DFT: k] = \FZ z[n|wkr;s  x[n] = ﬁzk@[k}w&k”

FS:c, = Tfo z(t)e= 2Tt 2(t) =3, cpet2™ /T

Universal properties (hold for all four forms):
Linearity: F{az + By} = ad + (9
Time shift: z(t —ty) +— e 2™tog(f)
Modulation: e2™fofz(t) «— 2(f — fo)

Convolution: (z*xy) +— & -§;
tion (dual)

Form-specific:
P}ancherel (CT-FT, L?): (f,g)r> = (f,d)r2, |Ifllze =
|lfllz2; FT unitary on L?(R). Use: switch time < freq in
norm/frame proofs.

Parseval (DTFT): >, |ax|? =

product <— convolu-

—LL?WMde&

Parseval (DFT): Z |:c[ 11 Z |a:[ ]1? (from

unitarity of Fy).

Poisson summation: ), , xz(k) = Sam-

pling form:

Siendh)
2l = 7 Lo ( 14

keZ
Sampling = periodization; aliasing iff copies overlap.
DFT matrix Fy: [Fy|gn = Jlﬁw]kv", unitary (FyF& =
I). Columns form ONB for CV: x = Fix =" (x, fo) fe.

Oversampled DFT (M > N): columns of F, € CM*¥
(first N cols of Fps) form tight frame for CV with A =
B=N/M.

Bandlimited: = € £%(B) iff 2(f) = 0 for |f| > B.

Nyquist: 1/T > 2B.

a(t) = 2BTY  x(kT) sinc(2B(t — kT))
keZ



